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Abstract 

We prove conditions on potentials V which imply that the sum of the 
negative eigenvalues of the Schrodinger operator —A + V is finite. We 
use a method for bounding eigenvalues based on estimates of the Hilbert- 
Schmidt norm of semigroup differences and on complex analysis. 



1 Introduction 

A basic theme in the theory of Schrodinger operators H = — A + V is to relate 
the properties of the potential V to properties of the set of eigenvalues of H . 
In this paper we prove conditions on the potential which are sufficient in order 
that the sum of negative eigenvalues of the Schrodinger operator be finite: 

where a~(H) = a(H) n (—00, 0), the negative part of the spectrum of H. 
Our main result is the following 

Theorem 1 Assume d > 4. Let V : M. d — > R be a Kato potential, and assume 
that V- = min(y, 0) satisfies, for some c > 0. 

- c \ w - w 'f\V-(w)\\V-{w')\dwdw' < 00. (2) 
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(i) If d = 4 then 



IS 



log 



( 



\w — w'\ 



1 



\V-(w)\\V-(w')\dw'dw < oo 



(3) 



1 1/7— W'\ < 1 



(ii) If d> 5 £/ie?i 



// 



\v_( w )\\v.(w')\ 

| to - to'| rf - 4 



dwdw' < oo. 



(4) 



|w— uf'l < 1 



TVien (J^l holds. 

From the above Theorem we derive the following L p -conditions on V for fl} to 



Corollary 1 Assume d > 4 and V is Kato, and V- £ L p , where p £ [^^,2]. 
Then holds. 

Corollary 2 If d > 4, V is Kato and V- G L 1 , then (QP holds. 

It is interesting to compare these results with those that can be obtained from 
the Lieb-Thirring inequalities, which also give some L p -conditions implying |T]). 
The Lieb-Thirring inequalities [3] 



hold for 7 > ~ when d = 1, for 7 > when <i = 2, and for 7 > when d > 3. 
Since finiteness of the left-hand side of (0 for any 7 < 1 implies (UJ , we get the 
following sufficient conditions for fl} to hold: 

(1) d = 1, V- € LP, where p £ [1, §]. 

(2) d = 2, V- G LP, where p S (1, 2]. 

(3) d > 3, V- £ LP, where p £ [f , f + 1]. 

Comparing with our Corollaries [1] [21 we see that in the case d = 4 the Lieb- 
Thirring inequalities give |T]) when p £ [2,3], while Corollary [1] gives the range 
of values p £ [1, 2], so together we have the range p £ [1, 3]. In the case d > 5 
the ranges of values of p for which fl} holds given by Corollary Q] are disjoint 
from the range of values given by the Lieb-Thirring inequalities. We also note 
that the result Corollary [2] does not follow from the Lieb-Thirring results. 

An immediate question is whether the results of Corollaries 1 1121 hold in dimen- 
sions 1,2,3, that is whether the restriction d > 4 that we impose is an artifact 
of our method of proof or a reflection of the actual situation. In fact we can 



hold: 



\e<y-(H) 




2 



construct a counterexample showing that the result of Corollary [T] is not true 
when d = 1. Considering a potential of the form V(x) = —(1 + |x|)~ Q , one has 
V G L 2 (M.) when a > \. A WKB approximation shows that, when a S (0,2), 

the n-th eigenvalue satisfies A n ~ n 2 -° , so that when a < | the sum of the 
eigenvalues diverges. Thus, for a G (|,|) we have that V € L 2 (K), yet the 
sum of eigenvalues diverges. On the other in the case of Corollary [2J the Lieb- 
Thirring results show that it is also valid for d = 1. We do not know whether 
Corollaries 11121 are valid in dimensions d = 2,3. 

The technique we use for the proof of Theorem [T] is a considerable refinement of 
ideas we introduced in [2]. There we developed a method, based on the Jensen 
identity of complex analysis, to bound the moments (sums of powers) of the 
negative eigenvalues of a self-adjoint operator Bona complex Hilbert space JC, 
assuming that there is a self-adjoint operator A with a(A) C [0, oo), such that 
the semigroup difference D t — e~ tB — eT tA is a trace class or Hilbert-Schmidt 
operator. We obtained some general 'abstract' results bounding the moments of 
eigenvalues. Applied to Schrodinger operators, these results implied that, under 
appropriate conditions on the potential, the moment sum on the left-hand side 
of ([5]) is finite for 7 > 2. Theorem [1] which corresponds to the case 7=1, 
is proven using the same method, but with the difference that by restricting 
ourselves to Schrodinger operators rather than general selfadjoint operators, 
we are able to improve the estimates in such a way that the stronger result is 
proven. 

We note that from the proof of Theorem[T]one can extract explicit bounds for the 
sum of negative eigenvalues, in terms of of V— (Kato norms and the quantities 
given m (El),©, g])). However these expressions are rather cumbersome, so we 
have decided to concentrate on the more 'qualitative' aspect of the results. 

In the following section we recall the method developed in 2 J . In Section [3] we 
apply the method to obtain the proof of Theorem [TJ 



2 The Jensen formula and eigenvalues 

In this section we recall the technique developed in [2] . Assume that A, B are 
sclf-adjoint operators in a complex Hilbert space "K, with a (A) C [0, 00), B 
scmibounded from below, and that the difference of semigroups D t — eT tB — 
e~ tA is Hilbert-Schmidt, for some t > 0. These assumptions imply, by Weyl's 
Theorem, that o~ ess (B) = a ess (A) c [0, 00) so the negative part of the spectrum 
a~(B) consists only of eigenvalues, which can only accumulate at 0. 

We define the operator-valued function 

F(z)=z[I-ze- tA ]- 1 D t , (6) 
on ft = {z € C I \z\ < 1}. Note that the assumption cr(A) C [0, 00) implies that 



3 



the inverse [I — ze tA ] 1 is well-defined. We have the identity 

[I - ze- A ]- l [I - ze- B ] =1- F(z), 
which implies, for A < 0, 

Xea-(B) & lea(F{e x j). (7) 

The assumption that D t is Hilbert-Schmidt implies that F(z) is Hilbert-Schmidt, 
and we can define the holomorphic function h(z) in \z\ < 1 by 

h(z) = Det 2 (I - F(z)), (8) 

where Deti denotes the regularized determinant defined for Hilbert-Schmidt 
perturbations of the identity (see e.g. [8]). 

From ([7]) we have, for A < 0, 

A € cr-(B) h{e x ) = 0, (9) 

and moreover the multiplicity of A as an eigenvalue of B coincides with multi- 
plicity of e A as a zero of h. 

We now recall the Jensen identity from complex analysis (see e.g. [BJ, p. 307). 

Lemma 1 Let Q be the open unit disk. Let h : CI — > C be a holomorphic 
function, and assume h(0) = 1. Then, for < r < 1, 

i-/iog(i^)i)^=io g ( n u)- 

J \z\<r, ft(*)=0 1 1 

A variation on a particular case of the results of [5] which we will use here is: 

Theorem 2 Let A,B be self-adjoint in a complex Hilbert space !H ; with o~(A) C 
[0, oo). Assume that, for some t > 0, D t — e~ tB — e~ tA is Hilbert-Schmidt. 
Then, defining h by we have 

£ |A| = ~lim -L f \og{\h{re i(3 )\)d0. (10) 
Proof: By Jensen's identity and ([9]) we have 



IK 

r Hm i-/ 106(1^)1)^ = log ( J] O 

« .... i i, / - \ — i \ I ~ ! 

M n i)= e i a 



\z\<l,h(z)=0 



\ea-{B) \ea-(B) 
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Theorem [5] shows that one can bound the sum of the negative eigenvalues by 
bounding the function h, and this is our task now. 

Let us first note that, by the general inequality 

\Det 2 (I~T)\ < e 2ll T Hffs 
for Hilbert-Schmidt operators T, we have 

log(IM^)l) < \\\F(z)\\ 2 HS , (11) 

so that we can bound h(z) by bounding the Hilbert-Schmidt norm of F{z). To 
do this, one can - and this is what was done in [2] - use the inequality 

\\F{z)\\ H s<\z\\\[I-ze- tA ]- x \\\\D t \\ HS , (12) 

where the norm || [I — ze - *' 4 ] -1 ! is the regular operator norm, which can in turn 
be bounded in terms of the inverse distance of the spectrum of I — ze~ tA to 0, 
using the assumption that cr(A) C [0, oo). In this way we obtain the general 
results of [2]. 

The observation at the basis of this work is that, when the operators A,B 
are Schrodinger operators, the bound on H-F^Hjyg obtained by using (|12[) is 
not optimal, and one can obtain better bounds in the Schrodinger case by not 
separating the estimation into two parts as in (]12[) . For example the bounds 
we obtain show that when d > 5, the function h(z) is uniformly bounded in 
the unit disk \z\ < 1, whereas the bound obtained by using (fT2| goes to +oo as 
z — ► 1. These improved bounds lead, through Theorem [2J to improved bounds 
on the sum of the negative eigenvalues of B. 



3 Proofs 

Recall that the potential V : R d — > K is said to belong to the class K(M. d ) if 



lim sup / (e vA \V\){x)dri = 0. 



We note that when d > 3, a necessary and sufficient condition for V G i4T(R rf ) 
is that 



lim 



f \V(y)\ , ' 
xeR d J \v — x \ 

\y—x\<a 



0. (13) 
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We recall also that when d > 3, a sufficient condition for V € K(R d ) (see [7J) 
is that V is uniformly-locally in L p for some p > i , that is 



sup / |y(a;)| p da; < oo. 

cGR d J 



Il/-»|<1 

V is said to belong to class K loc (R d ) if X qV € if (M d ) for any ball Q C R d , 
where XQ denotes the characteristic function of Q. V is said to be a Kato 
potential if VI = min(V,0) € if(M d ) and V+ = max(V, 0) € A' ioc (M d ). 

By the min-max principle, the eigenvalues of — A + V- are smaller than or equal 
to the corresponding eigenvalues of — A + V, and therefore we have 

E i a i^ E ( 14 ) 

\£cr-(-A+V) \£a-(-A+V-) 

so that to prove Theorem [1] it suffices to show that the right-hand side of ([M]) 
is finite. We shall therefore take A = Hq — — A, B — Hq + V-, so that 

Dt = e -t(H 0+ V.)_ e -tH _ 

We recall some fundamental facts about Schrodinger semigroups (see e.g. [3(7])) 
which will be needed below: 

Lemma 2 IfV- G K(R d ) then the Schrodinger semigroup e~ t{Ho+v -^ : L 2 (R d ) - 
L 2 (R d ) (t>0) is well defined, and moreover we have, for all t > 0, 

||e- i(ff0+V - W~ < 

SUP ||e _ * (fl ' 0+Vr - ) ||£- 1 £o < (JO. 

se[o,t] 

As explained in the previous section, our task is to bound the norm ||F(z)|j//5, 
where F(z) is given by ([6]). 

We define the operator-valued function G(z), \z\ < 1, by 

G(z) =ze- tA [I -ze 



It is easily checked that 

hence 
so that 



[I-ze- tA ]- 1 =I + G(z), 
F{z) = z[I + G(z)]D u 



\\F(z)\\ HS < \z\[\\D t \\ HS + \\G{z)D t \\ HS ] (15) 
We are going to bound the two terms on the right-hand side of (| 15|) . 
We divide the required estimates into several steps. 



G 



3.1 Some estimates on G(z) 



Lemma 3 The operator G(z) can be represented in the form 

G(z)f = g z *f, V/eL 2 (l d ), (16) 
where g z G L x (R d ) D L 2 (R d ). 

Proof: From the definition of G(z) and the properties of the Fourier transform 
we have, for / G L 2 (R d ), 

d(G(z)f) = ze- t ^ 2 [l-ze- t ^ 2 ]- X nf), 
so that if define g z : R d — * C, for \z\ < 1, by 

g^zr^e-M'il-ze-M*]- 1 ) 

we get ([11]). Since e -*l«l 2 [l - ze-^l 2 ]" 1 G L 1 (R d ) n L 2 (R d ), we have g z G 
i 00 (R d )nL 2 (]R d ). ■ 

We note that while ||G(z)|| i 2 £ 2 = ||g z ||ii — > oo when z — > 1, we are going to 
show - and this is a key technical point for obtaining Theorem [T]- that when 
d > 5 the norm ||g z ||x,2 is in fact bounded for \z\ < 1. 

We will denote, for |z| < 1, 

M(z)=\\g z \\ L *. (17) 
We will need the following elementary estimates: 
Lemma 4 Assuming p > 0, a < 1, Let 



l 

Then: 



(l og(s)F- 1 
(s - a) 2 



■w = / v ?: % d». (is) 



(a) For p — 2 we /iai>e 



./o ((/) = (>( log ( y~ J ) ■ "- s " ~~ 1 ~ 



(b) For p > 2 we have 

J p (a) = 0(1), as a — > 1- 
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Proof: We write 



2 oo 

yt 1 ^ / (l ? s(s)) :;^+ f ( '; g(8)) ;;'^ 

(s - a)^ 7 (s - a)^ 7 (s - a) 2 

112 

The second integral on the right-hand side is obviously finite and bounded in- 
dependently of a G (-co, 1). We continue estimating the first integral. 

Assuming p > 1, and using the fact that log(s) < s — 1 for s > 1, we have 

2 (logfc))"- 1 f js-iy- 1 _ f (s-iy- 1 

( s _ a )2 as -y (s _ a) 2 as -y (s-ajs-p^-o)^-! * 
ill 

2 2 

~ / (s - a) 3 -P(s - l)P- ldS ~ J (s-a) 3 -P dS 
l l 

2-a 

^[(l-aJ'-Mz-a)"--] J; ,-2 
^(log^)) P = 2 



MS) P = 2 asa^l- 



as a — > 1 

0(1) p>2 



We now present our main estimate on 
Lemma 5 Define M{z) by fij 
fa) If d = A then for some C > 

M(re«>) < C7(log(— ^y))* Vr € [0,1), * E [0,2*]. 
I/d> 5 i/ien 

sup M(z) < oo. 
H<1 

Proof: We have 

M(z) = |2|||^-i( e -*l€l 2 [l-^-*iei 3 ]-i)|| i2 (19) 
= |*H|e-«l*r[l - .e-^l 2 ]- 1 !!^ = \z\[J {1 .^-W j» *] 

From (|19p one sees that M(z) is uniformly bounded in the complement of any 
neighborhood of the point z = 1 in the unit disk, so that the issue is to study 
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the behavior of M(z) when z — > 1. It is easy to verify that, for any \z\ < 1 with 
Re(z) > 0, £ € M d , 

|1 - ze" l4|2 | > 1 - Re(z)e-^\ 



hence 



-2t|€l 2 „ r e" 2 *^ 



X 



1 

oo . 

1 

where u>d is the d — 1-dimensional measure of the unit sphere in M. d , and J p is 
defined by (fT5| . The result follows from (f^Uj) and from the estimates in Lemma 

13 ■ 



rf-l -2tp 2 



|z| 2 i /• i (log^i- 1 



3.2 Some estimates on D t 

We recall the Duhamel formula 

t 

D t = J e-^'+^V-e^-^ds. (21) 
o 

The integral kernel corresponding to the operator D t is denoted by D t (x,y). 
The condition 

2 



( / \D t {x,y)\dx) rfy<oo. (22) 



on the kernel of D t will be essential to us, and will be used in Lemma [7] and [5] 
The next lemma gives a sufficient condition for ([22]) to hold. 



Lemma 6 Assuming V- £ K(R d ), t > and 

|y_(w)|e- (s+s ' )ffo (w,w')|Vl(w')Mw'^wds < oo, (23) 





we /laue 
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Proof: By the Duhamel formula (j2"Tj) we have 
t 

D t (x,y) = { I ' e- s{Ho+v - ) {x,w)V-{w)e^^ Ho {w,y)dwds 



o 

so 



\D t (x,y)\dx 

< j J (J er^ Ho+v -\x,w)dx^\V-{w)\e- {t - s)Ha {w,y)dwds 

t 

' -sH, 



< 



sup / e- s ( Ho+vr -)(x,w)da; 

se[0,t], wGR d 



|VL(w)|e" SjHo (u;,y)dwds, 



sup ||e-< Ho + y -)|| i oo >L » / / |viH| e - sff «Ky)^, 

sG[0,t] 



R<* 



which implies 



( f \D t {x,y)\dx) < sup ||e 



s(H +V- ||2 

se[o,t] 



t t 

x [[[[ \V-{w)\e- sHo {w,y)\V-{w')\e- s ' Ho {w\y)dw'ds'dwds, 



Rd 

hence 



( / |£> t (*,y)l<fc) <*»< sup ||e- s ^+ y -)|||.. Loo (24) 

K" R d 

i i 

x [ [ [ [ \V-{w)\e- < - s+s " >Ho {w,w')\V-(w')\dw'ds'dwds. 



Rd Rd 

and the fmiteness of the right-hand side of (|24|) follows from Lemma [2] and from 
the assumption (f2U)l . ■ 

Lemma 7I/VE K(R d ) and A2ty) holds for t > sufficiently small, then D t is 
Hilbert- Schmidt for t > sufficiently small. 

Proof: By the identity 



2 2 
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we have 

IIAHhs < We-^+^D^Hs + WDte-i^WHs 

= \\e-^ H <>+ v ^Dt\\ H s + \\e-^Dt\\ HS . (25) 

Since 

\\e-H H °+ v -)D*\\% s = J J (| e-^ +v -\x,u)D h {u,y)du) 2 dxdy, 

Vl d R d R d 

\\e-i H °D i f HS = J J (J e-i Ho {x,u)D t _{u,y)du) 2 dxdy, 

m d R d R d 

and since 

e-^ H °(x,u) < e-i^+^-^aj.n), 

we have 

\\e-* B °Di\\ HS < \\e-i( H «+ v -->Dt\\ HS . (26) 

From ([26]) we have, 



e-i( Ho+v -\x,u)Dt(u,y)e-i( Ho+v -)(x,u')D i (u',y)dudu'dxdy 
e -t(H +V-)^ u ')d^ ( U) y )£> t (yf, y )dudu'dy 

sup e-^^+^-^a;,^)] / ( [ Dt(u,y)du) 2 dy 

^,y£R d 1 J W 2 7 

R d R d 

< || e - t (ffo+^-)|| ilioo / ( [ Di (u,y)du) 2 dy < ex., (27) 



< 



where the finiteness of the two terms of the product on the right-hand side 
follows from Lemmas [5] and [H 

The result follows from (l25l), (l26l) and (l27l). ■ 



We now show that the condition (I23p (which in turn, by Lemma El implies the 
conditon (|22p which we need) is implied by the explicit conditions on V— given 
in Theorem [T] 

Lemma 8 Assume that V- satisfies jH) for some c > 0. 

(i) If d = 4 cmc? VL also satisfies (3ty £/ien holds. 

(ii) If d > 5 an<i K- aZso satisfies i/ien i fffflp holds. 
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Proof: We assume that V- satisfies ([5]) for some c = cq, and note that this 
implies that it satisfies ([2]) for all c > cq. 



We have 

t t 



\V- {w)\e-( s+s "> H " (to, u/)| VI (u/JIdu/tfa'dtfldfl (28) 

R<* 

t u 

\V^{w)\e- uHo {w,w')\V^{w')\dwdw'dsdu 

Rd Rd 

It t 

\V-(w)\e- uHo (w,w')\V^(w')\dwdw'dsdu = h + L 



2- 



t 

—uHo I I\ 



t u—t ] 

where 

h = J uj J \V-(w)\e- uHo (w,w r )\V-(w')\dwdw'du, 

Rd K d 

t 

h = J u J J \V-{w)\e- (2t - u)H "{w,w')\V-(w')\dwdw'du. 

Rd R d 

For I2 we have 

t 

h = ( I \V-{w)\\V-{w')\( { u(47r(2t - u))~ie~ dujdwdw' 



<t 2 {Ant)-^ I I e- bs -T^\V-(w)\\V-(w')\dwdw', 



which is finite for t > sufficiently small due to the assumption 

We are left with showing that I\ is finite under the stated conditions. We have 



7 1 = (47r)-« / \V-(w)\\V-(w')\{ v^-ie-^-^duUwdw 



t 

1,2 



R d Rd 

and making the substitution v = -, we estimate 

t 00 00 



J u 1 2 e "du = a 2 * j ' v* 3 e v dv<a 2 2 e 2" /^a 3 e 2 du. (29) 



n 
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If d > 5 then 



OO OO 



2 6 e 2 dv < v 2 e 2 < oo, 



(i 



so that, putting a = ^ w I in d^S]), we have 



4 







where C is independent of w,w', so that, by (|29|) . 



/i < c / / _ 4 iy-(^)r-K)MW 



<C yy e k— |K-(u;)||V-(u/)|dtMiti/ 

\w—w' | > 1 

+c // ■ _^.,,_ 4 lV-(«;)||y-(«/)ldW 

I w — w ' I < 1 

and both of the last two integrals are finite, the first (for sufficiently small t > 0) 
by ^ and the second by (g]), so that, in the case d > 5, (g} we have that ^ is 
finite. 

To treat the case d = 4 we note that, using L'Hopital's rule, we have 

OO 

lim — r— / ir 1 e~ 2 dv = 1. 



«-o+ log(i) 
We can therefore choose < ao < 1 so that 



< a < a Q => J v~ x e~%dv < 21og(a _1 ) 



and then we also have 

OO 



a > a J v 1 e 2 dv < J v 1 e 2 dv < 2 log(a 1 ). 

a a 

Therefore, using (j2"5)) , 

t OO 

< a < aot => J u^ 1 e~ ^ du = e~ ^ J v~ X e~^dv < 2e7^ log 



(i 
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and setting a 



t 

a > aot 

o 

\w— w'\ 



t OO 

J u~ 1 e~^du = e~57 J v~ 1 e~%dv < 2e~27 log^^" 1 ) 



z 

/\W— Uj'| 2 — Til' | 2 / 

u _1 e < 2e »« log (- 



4/ 



o 

t 



\w - w'\ > 2y/o^i => u~ 1 e du<2e log(a<o ). 



Hence, using (|29|) . 

h < 21og(ao 1 )(4 7 r)-5 // e~ ! ^^\V-(w)\\V-{w')\dwdw' 



4(4ttH ff logf , 2 ^ r )\V-(w)\\V-(w')\dwdw'. 
II \\w — w'\J 



\w— w'\ >2V aot 

\w — w i 

I it? — w'| <2v / ctoi 

The first integral above is finite for t sufficiently small, due to ([5]). For the 
second integral we have 



// ^g(^-^^)\V.(w)\\V.(w')\dwdw' 



2Vt 

ogl r 

|iu-w>'|<2 v /^^? 

log( 1 )\V-(w)\\V.(w')\dwdw' 
\\w — w'\J 



\lu-w'\<2^/a ~t 



+ \og(2Vt) J J \V-(w)\\V-(w')\dwdw', 

I w — w' I <2\/c*o£ 

and finiteness of the above two integrals for t > sufficiently small follows from 
([3]) and ([2]), respectively. We have thus shown that I\ is finite when d = 4. ■ 



3.3 Hilbert-Schmidt norm bound for the composition of 

G{z) and A 

Lemma 9 Assume V- € K(R d ) and that {Hp /io/ds. Then G{z)D t is Hilbert- 
Schmidt, and 

\\G(z)D t \\ HS < M(z)[f ( [ \D t (u,y)\d U y dy 
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Proof: We have 



[G(z)D t ] (x, y) = / g z (x - u)D t (u,y)du, 



([G(z)D t ]{x,y)) 2 = / g z (x - u)D t (u,y)g z (x - v)D t (v,y)dudv 



hence 



and thus 

\\G(z)D t \\ 2 HS = I I {[G{z)D t ]{x 1 y)) 2 dxdy 



(30) 



( / 9z{x — u)g z {x — v)dxj( I D t (u,y)D t (v,y)dy S jdudv 



< 



sup 



( I \9z{x - u)g z (x - v)\dx^j / / \D t (u,y)D t (v,y)\dydudv. 



sn P d (f \9z(x - u)g z (x - v)\dx^j /(/ \D t (u,y)\duj dy 



We also have 

SU P I \g z (x - u)g z (x - v)\dx 



(31) 



< sup ( / \g z {x - u)\ 2 dx) 5 ( / \g z (x - v)\ 2 dx) 5 = ||. 9z ||| 2 = (M(z)) 2 . 

R d M d 

The result follows from (H and U3TJ). ■ 
3.4 Bounding the Jensen integral 

Lemma 10 Assume V- E K(R d ) and \22}) holds. Then we have, for all \z\ < 1, 
\\F(z)\\hs < \z\[C 1 + C 2 M(z)}. 

where 



Ci = \\D 



t\\HS, G% 



( / \D t {u,y)\du) dy 



Proof: Returning to ([15]) and using Lemmas [7] and [9] we get the result. 

We are now ready for 
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Proof of Theorem [7J By the above lemma and by (jlip we have 

log(\h(z)\) < i||F(z)|| 2 ffS < i|z| 2 [Cx + C 2 M(^)] 2 . (32) 

In the case d = 4, ([32)1 and Lemmata) give us 



1 



log(|/i(re")|) < - d + C 2 C log — < Clog 



1 \\31 2 / 1 



2L A ' V"~°Vl-rcos(fl)// J ~ V 1 - r cos(0) / ' 

so that 

2ff 27T 

limsup / log(|^(re je )|)^ < C" / log (- 1 -^)d9 < oo, 

r->l- J J Vl-COS(y)/ 



which again, by Theorem [2l gives us ([1]). 
In the case d > 5, Lemma [5jc) tells us that 

log(|/i(re l9 )|) < C Vre[0,l), 6»g[0,2tt] 

so that 

2tt 



lim sup / \og(\h(re i9 )\)d6 < oo 

r->l- J 



and again Theorem [2] gives us |T]) . 
We now prove the corollaries. 

Proof of Corollary [7J We use Young's inequality: 

\\f * 9\\ L r < C\\f\\ LP \\g\\ L9 
valid for p.q.r > 1 with - + 1 = - + -. 
Taking /(x) = |y_(a:)|, ff(x) = e"^ 2 , and 

pe[l,2], g = — -^ r = -?- (33) 
2(p-l) p-1 

(note that since p < 2 we have q > 1), we have that if V_ G L p (R d ) then 
f * g £ L^(R d ). Thus, using Holder's inequality we have 

e -c\ W -w'\^y_ ^ | | F _ 



|^-HI(/* 5 )H^< Hv-llwll/*^^ <TO - 
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Thus © holds whenever F_ € IP (Mr), p € [1, 2]. 

To verify ([3]) (for the case d = 4) we take / = g(x) = log(|iy)xsi , where 
XB t is the characteristic function of the unit ball, and p, q, r according to (|33|) . 
We assume V- € L p , and note that <? 6 L 9 (]R 4 ). Hence by Young's inequality 
we have / * g G Lp^i(R 4 ). Therefore, using Holder's inequality, we have 

log ( ) |y_M| |K. (w')\dw'dw 

I w — tu ' I < 1 

|V_(tu)|(/*$)(ti;)dtu < ||vq| L p||/*s|l L ^ < oo, 
so that © is satisfied for any V- € ^(R 4 ), p € (1, 2]. 

To verify Q (for the case d > 5) we take / = | V_|, g(x) = j^p^rXBi j an d Pi 1i r 
defined by d33]). Note that in order to have g € L q (W l ) we need the condition: 

2d 

d+4' 

|/ * g\\ L -iL- < oo, and thus 



g(rf — 4) < d, that is p > xg, and in that case we get, assuming V- € L p , 



-dwdw' 

\w - w'\ a —* 

\w— w'\ < 1 

= / \V-(w)\(J*g)(w)dw<\\V-\\ Lf \\f*g\\ L ^ < oo. 

Thus we have shown that ([4]) holds when p > To show that it also holds 
when p = -grgi we need to use the Hardy-Littlewood-Sobolev inequality (see 
e.g. [3], Theorem 4.3), which says that 



f{w)9{W>) d W d W ' 



<C||/IMMI 



where p, r > 1, < A < d, and r + f = 2 - ^. We take p = r = (since 
<i > 5 we have p, r > 1), A = d — 4, f = g = \V-\, to obtain 

dwdw < oo, 



1 10 — w' I d 4 

B d R d 

which is even stronger than (UJ). 

Proof of Corollary [H Since Corollary Q] contains the result for the case d = 4, 
we can assume that <i > 5. Since K_ <E L 1 (M d ), we can write 

l^-HII^OL..,.., f W-( w ')\. dw ^ 



I f 

-dwdw' < \\V\\li sup / 

w£R d J 



t)£l 
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Thus we only need to show that the supremum on the right-hand side is finite. 
Since V- E K(R d ), we have from (fT3|) that there exists a < 1 such that 

\V(w')\ , 



sup 

w£R d 

\w — w'\<a 



Thus 

SU P / 1 7Un dw 

\w—w'\<iX 



< sup 



I r 1 — .,; A dw' + sup / — ! — v , dw' 
J \w-w'\ d ~ 4 J \w-w'\ d ~ 4 



\w—w'\<.a a< \w— w' | < 1 

W £Rd j \w — w I a weR d J 

\w—w'\<a a<\w — k;'|<1 

<v + -zz=i\\v-\\v, 

and we have proved the required finiteness. 

Acknowledgment: We thank M. Hansmann for many helpful discussions. 
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